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0. INTRODUCTION 
Let ff be a finite abelian group, K an arbitrary field and let L/K be 
a galoisian field extension with Galois group GaZ(L/K) z G. 
In [7] a parametrization is given for the symmetric part H&,,(G, L*) = 
=Hz(G, K*) of @(G, L*) as follows. Let 8 be the free abelian group 
(multiplicative) on n symbols, n the order of G. Every element c E H2(G, K*) 
is image of a fixed element f E 8z(G, S) under a suitable mapping h,: 
H2(G, S) + H2(G, K*). Let L(S) be the field obtained by adding the n 
symbols generating 8 to the field L, and let G act trivially on them. 
An element c E i?(G, K*) gives rise to an L-place of L(S) with valuation- 
ring 0,3 L[S] and we have the commutative diagram 
H2(G, 8) - H2(G, 0:) 
I 
he 
I 
0, 
Hz(G,K*) + H2(G, L*) 
where 8, derives from the homomorphism O,* + L* defining the L-place 
of L(S). 
In this paper, K is a field of non-zero characteristic and G will be a 
p-group. We now gain information on the whole p-component B(K), of 
the Brauer Group B(K) of K. It is not attempted to glue together the 
parametrizationa of the finite groups H2(G, L*) appearing in the direct 
limit defining B(K),, but, dealing with central simple algebras rather 
than with the cohomology groups we show directly, in theorem 1, that 
to every OL E Br(K&, there correspond a representative A E 01 together with 
some finite abelian p-group- G such that A/K is a residue algebra of the 
generic division algebra SK(G) under an algebraic pseudo-place. 
Algebraic pseudo-places are very similar to unramified ones except that, 
when restricted to a suitable subfield over which the algebra, has degree 
equal to the residual degree, the algebraic pseudo-place gives rise to a, 
pseudo-place, not necessarily a place, of this field. 
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The method used here, leans heavily on some properties of modular 
purely inseparable fields and algebras. 
Section 1 presents a new approach to modular algebras, introducing the 
basic group of such an algebra. 
Section 2 contains the direct preparation and the proof of theorem 1. 
A group G corresponding to an element LY E B(R), (theorem 1) is in no 
sense uniquely determined by the class IX. 
However, any G which occurs in this way is in fact the “basic group” 
of a commutative modular algebra which is a maximal commutative 
subring in the chosen representative A E 01. 
I. Let L be an arbitrary field and let B be a finite abelian group, the 
elements of which act as automorphisms in L. A 2-cocycle of G in L is 
a map f:GxG+L* such that: 
f(a, df(9 e)=fb re)f(T, e)“, 0~6 e Ea. 
Cocycles f and g are said to be equivalent if there exist a, E L* such that 
f(a, z) =a,Ra;‘g(a, t) and it is wellknown that the set @(G, L*) of 
cocycle-classes is a group with multiplication derived from f -g(a, z)= 
=fh t)g(a, 4. 
Now let A be a, not necessarily commutative L-algebra. We denote 
the group algebra of G over L with L[G]. 
DEFINITION 1. An H‘J-morphism for A/L is an L-linear map y : 
L[G] --t A such that {~(a)(~ E G> is a basis for A over L, and w(a)w(z) = 
= c,,, r y(a), for some factor set {c~, z} representing an element y E Hs(G, L*). 
If we want to distinguish between the elements of H2(G, L*) we shall 
say that w is a y-morphism for AIL. 
It is immediate from the definition that, if A is commutative then {c~,~} 
has to be a symmetric factor set, i.e., c~.~=cT.~ for all u, t E G. 
In the non-commutative case we get important examples of Elz- 
morphisms as follows. 
Let K be a field. Suppose that A is a K-central simple algebra con- 
taining a maximal abelian subfield L with GaZ(L/K) g G. It is a classical 
result, cf [2], that A is isomorphic to the crossed product algebra 
(G, L/K, {c~.~}) where 
{csz} E [A] E H2(G, L*). 
There exists then a basis {%/a E G} for A over L with the properties 
i) &=u,X’; UEG, ;~EL, 
ii) ~~=c~.~u~; u, z E G. 
Hence the mapping u + Us gives rise to a [Al-morphism for A/L. 
From now on we restrict our attention to fields K with char K=p#O; 
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and G will always be an abelian p-group acting trivially in K and A will 
be a commutative, finite dimensional K-algebra with [A: Kj = IlGll. 
DEFINITION 2. The K-algebra A is called K-modular if there exists a 
regroup G and a Ha-morphism y : K[G] + A. 
PROPOSI!CION 1. An algebra A/K is K-modular if and only if 
A=@iml K[u..J with ~P%E K for some Q, l<~<oo, i=l, . . ..T. 
H 
PROOF: First suppose A = @iml K[w] with u@ = 011 E K. Up to adding 
K 
aconstantto~wemayassumethatol~#O,i=1,...,r.TakeG=C~x...xC,, 
where Ct = (~(1) is cyclic of order p’i, i = 1, . .., r. 
We define r=[(d,,.}] EH~(G, K*) as follows: if 
then we put 
with at = 0 if wl+ tr <p% and E{ = 1 otherwise. The factor set {da, *} provides 
us with a y-morphism + given by 
&CT) = u1Y . . . upr, if 0 = alvl . . . a+. 
Conversely, let (~~10 E G) be a K-basis for A and let [{c~,~}] E P(G, K*) 
be such that u, u, = c,,+u, ; (T, t E G. 
Now fix a decomposition G= Ci x . . . x 0,. of G into cyclic groups Cg of 
order PC”, Cg=(@ i=l, . . . . r. We consider the monogeneous subalgebras 
AI = K[u,] of A. To prove that A = @I=, At, it will be sufficient to show 
that there are no relations betweenKthe products 
l--p u;, ogvg<p. 
i-1 
If 
z: 
0 < $4 < 23 
at, . . . t, uof . . . uat = 0 
is a non-trivial relation, with at,... tr E K, then we get a relation: 
z: 
0 < 4 < PI 
at,...t, 41, *-., h) %Jlh.../+=O 
which is non-trivial since cx(tl, . . . , tr) is in the multiplicative subgroup of 
K* generated by: cati, oi ?, t. with i#j and tV<@, and c~;,,,~, with v<p- 1. 
The latter relation however, contradicts the K-independency of {u#la E G). 
REMARKS 1. The algebra A is called R-trivial when it is K-modular 
and there exists a [II-morphism for A/K; [l] being the zero element of 
P(G, K*). 
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Prom the foregoing proposition it follows directly that A/K is K-trivial 
if and only if A= @J:+ K[u& u#=O, i=l, . . . . r. 
x 
2. If A/K is a field extension then proposition 1 assures that A/K 
is a modular field extension in the sense of [El, if and only if it is a modular 
algebra in our terminology. 
3. The group G is referred to as th basic group of A/K, which is 
motivated by the following proposition: 
PROPOSITION 2. Let A/K be a K-modular algebra with a Ha-morphism 
y : K[G] + A. Then G is, up to isomorphism, uniquely determined by the 
structure of the K-algebra A. 
PROOF. The proof is by induction on the exponent of A/K, i.e., the 
smallest positive integer e such that ape E K for all a E A. 
If the exponent is 1 and [A: K] =pm then, obviously, G has to be of 
type C.P, . . ..p). 
Next, let G and G’ be two p-groups with the properties mentioned in 
the proposition. We may then find corresponding K-bases {u,]o E G} and 
{v,,ly E G’) for A. We have 
K[{u:~u E G}] = K[{v$ E G’}] =B, 
because uo is a K-linear combination of (W&J E G’} and thus 
also, 
4 E K[(u::la E G)]. 
Put G=Ci x . . . x C,., with Cc= (a~) cyclic of order p%, i= 1, . . . . r. 
We get a Ha-morphism for B/K, 
by putting 
yp : K[Gp] -+ B, 
y&l”’ p . . . ut”‘“) = d+ . . . d&p 
for pvS<n4-1, i=l, . . . . T. 
The corresponding cocycle can easily be derived from the original 
cocycle corresponding to the map y. 
In a similar way we find a Ha-morphism, 
deriving from 
yp’ : K[G’p] + B, 
y’: K[G’] --f A. 
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As the exponent of B is smaller than the exponent of A, in fact ex = eA - 1, 
we have Gp E G’p. Let Gp be of type (~‘01, . . ., p+), then G is of type 
(P, P, .*.> Pm+l, **a, pwr+l) and G’ is of type (p, . . . . p, pwl+l, . . . . pf++l). 
However, as IjGll= llG’jl= [A: K] it follows that the number of cyclic 
factors of order p in both decompositions is the same, hence G G G’. 
DEFINITION 3. Let P/K be a purely inseparable field extension (finite 
dimensional). A subgroup H of the multiplicative group P*, containing 
K*, will be called regular if any system of representatives of H modulo K* 
is K-linearly independent. The extension P/K is called a regular extension 
if it is generated additively by a regular subgroup of P*. 
PROPOSITION 3. Let P/K be a finite dimensional purely inseparable 
field extension. The following statements are equivalent: 
a) P/K is a K-modular algebra 
b) P/K is a regular extension. 
PROOF. Clearly a) implies b). Indeed, let y : K[G] --f P be a Hz- 
morphism and (u& E G} the associated K-basis of P. Then the subgroup 
H of P*, generated by K* and {~,[a E G) is regular. Assuming b), let H 
be a regular subgroup of P* generating P, then it contains a K-basis 
1 ~1, . . ..vUn). say, of P, n=[P:K]. The classes wtK* EH/K* are distinct 
because vt K*=qK* with i#j, contradicts the K-independency of 
{ n, *a., %a>. 
Denote G = H/K* ; then we have G=(vtK*li=l, . . ..n} since H is a 
regular subgroup of P *. Thus (vtK*)(w~K*)=w~(~,~)~K*, i<f(i,j)<n. 
It follows that vgv~=Z(i, j) vf(r,,) with Z(i, j) E K*, and the map vt K* + vi 
gives rise to a Hz-morphism y: K[G] --f P, where f(i, j) gives the multi- 
plication of classes vt K* and vf K* in G while I(;, j) is a cocycle detlning 
an element of H2(G, K*). 
The basic group of a modular algebra A/K is related to the coalgebra 
of higher K-derivations in A and also to the Hopf-algebra H(A) associated 
with A. It seems to be an interesting question, in which way the cocycle 
defining the modular algebra in our sense, relates to the theory of purely 
inseparable algebras (fields), i.p., the cohomology of Hopf-algebras. 
However, since these problems are irrevelant for the generic description 
of the p-component of the Brauer-group, we omit details here; the author 
hopes to investigate the role played by the basic group in a more general 
setting, in a forthcoming paper. 
LEMMA 1. Let P/K be a purely inseparable field extension with 
[P: K] =pn and let the exponent of P be m. 
1. There exists a unique minimal field extension X/P such that M is 
K-modular. 
2. M is a purely inseparable extension of K with exponent m. 
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3. If [P : K] is finite then so is [H: K]. We call M/K the K-m&.&~ 
closure of P/K, its existence and further properties are proved in [6]. 
II. We now turn to the generic description of the p-component Br(K,) 
of the Brauer group, B(K), of a field K with char K =p#O. 
Recall that a K-algebra N is said to be a Galois algebra, with Galois 
group G if and only if there exists a normal K-basis 
{Vlo E G}, b E N, for N. 
LEMMA 2. Let P/K be a regular extension and let A be a K-central 
simple algebra of dimension [P: K]z. Then P splits A if and only if 
A s (N, G, {ca.r}) 
for some Galois algebra N with Galois group G and symmetric (K-rational) 
{cu. 71. 
The crossed product (N, G, {c~,~}) is defined as usual. For more details 
see [3]. 
Now let G be any finite abelian group and let {X,]a E G> be a set of 
K-algebraic independent variables upon which G acts by tXa=Xm. 
Consider ’ 
K(X) = K({X& E G}). 
The symmetric group S, acts in K(X) by permuting the variables, 
and it is known that the fixed field in K(X) for the action of S,, is the 
field K(s) = K(sl, . . . . s,J generated over K by the symmetric functions 
81, . . ., 8% in the variables X,,, (T E G. The functions sl, i = 1, . . . , rc are 
K-algebraic independent. In what folk@ we use some facts about pseudo- 
places of algebras over fields. The notion of a pseudo-place was introduced 
in [6], [7]. Roughly speaking, a pseudo-place of an arbitrary algebra A 
over an arbitrary field K may be described by giving a valuation ring 
Ox of K, an Ox-algebra A’ in A and an epimorphism y of A’ which, when 
restricted to Ox, gives rise to a place of K. A pseudo-place is said to be 
unrami$ed if the dimension of A over K equals the dimension of 2 = y(A’) 
over the residue field K of K. Such a pseudo-place will be denoted with -- 
(A’, Y, A/K). 
PROPOSITION 4. Let N/K be a Galois algebra with finite abelian Galois 
group G. There exists a K-pseudo-place (K(X)‘, y, N/K) of K(X)IK(s) 
such that y is compatible with the action of G in K(X) and N, and dim 
y/K=O. 
PROOF. Let Kc be the field of invariants for the action of G in K(X), 
as described above. 
The polynomial 
f= &p-) 
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has coefficients in K(s) snd it is irreducible over KG. The elements b” E N, 
u E G, are roots of a polynomial (which may very well be a reducible one), 
f= ovG (X-b”) = r &Xn-{, with CI+ E K. 
i-l 
Obviously, p can be obtained from f by mapping X, to b”, u E G. This 
mapping yields a specialization ss -+ Q, i = 1, . .., n, on K[sl, . . ., an], and 
it extends to a K-place @ of K(s) with residue field K. Let 0, be the 
associated valuation ring and look at 
K(X)‘= O,l[{X,,lu E G}]. 
The latter ring is a subring of K(X) such that K(X)’ n K(s) =O.,. 
Renumber the elements of {X,]a E G> in an arbitrary way and transport 
this ordering to {Via E G} in the obvious way. We extend 0: 0, --f K, 
to a map of K(X)’ into N by putting X1 + br, i= 1, . .., n and this is shown 
to be a homomorphism by induction. Indeed, CD extends to 01, 
@I: O~[-Gl + K[hl, 
which is a homomorphism because bi satisfies f((bi) = 0 which is exactly the 
reduced equation derived from f (Xi) = 0. Let @d-i be the homomorphism : 
c&-l : O,[Xl, . .., Xg-1-j + K[bl, . . . . bg-I] 
then Xt satisfies the polynomial equation ft(Xg)=O, with 
ft=f/ jIy-1 (X-X& 
This polynomial is K(s)[Xl, . .., Xt-i] irreducible and it is mapped into 
which obviously has coefficients in K[bl, . . . . bp-I]. In this way CD<-, can 
be extended to a homomorphism of 
Q9[& **-, Xt] into K[bl, . . . . bg]. 
Note that X, E O,[Xi, . . ., X+1] and b, E K[bl, . . . . b,-11 since x-, Xi and 
EM1 bg are in O8 and K resp. The homomorphism @n=y thus obtained, 
is surjective because {b,, . .., b,} generates N over K. Furthermore, since 
K is the residue field of K(s) we have dim y/K=O. 
REMARK: If N/K is a Gsloisian field extension, then (K(X)‘, p, N/K) 
will be an unramified pseudo-place of K(X)IKG (hence a place of K(X), 
cf. [S]). 
In general however, O,[Xi, . . . , Xn] n KG is not necessarily a valuation 
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ring and hence the restriction YIKG is a pseudo-place but, not necessarily 
a place of KG. 
A pseudo-place of a K-algebra A, (A’, y, A/K) for which there exists a 
subfield L in A such that [A : L] = [A: K] < 00, and y(L n A’) = K, is 
called an algebraic pseudo-place of A/K. 
We are now ready to introduce the generic division algebras, which 
have been studied in a more general context in [4] and [7]. 
Let G be a finite abelian p-group and fix a decomposition G = Ci x . . . x C, 
with C~=(Q) cyclic of order nt, G of order n. 
Add K-algebraic independent variables {ti, . . . , I$) = t and {X,ja E G} = X 
to K. 
Let G act in K(t,X) by: a(k)=tr, i=l, . . . . r, and u(XT)=Xm, (T,zEG. 
The symmetric group S, acts in K(t, X) simply by permuting the 
variables X,, u E G. 
Consider 
The elements 
are K(t, X)-independent and the elements V,, act in K(t, X) as they 
should : 
(*I Vni2=Jq V,, for all 1. E K(t, X). 
The center of SK(G) is KG(~), KG denoting the field of invariants for 
action of G in K(X). With the relation (*), SK(G) is a crossed product 
of G with K(t, X) defined by the symmetric factor set {z~,~} given as 
follows: for b= ~1’1 . . . up, t= o:l . . . &, put x#,~ = t,“l . . . t,*r with at = 1 if 
vg+tt>n~ and .Q=O otherwise. 
LEMMA 3. The crossed product algebra S&G) is a division algebra 
and the exponent of SK(G) in the Brauer group of its center KG(~) is equal 
to the exponent of G. (cf. [7]). 
A K-central simple algebra A which is not the tensor product over K 
of two or more K-central division algebras is referred to as a primary 
algebra. 
COROLLARY. If G is a cyclic regroup, then Xx(G) is a primary algebra. 
PROOF. Suppose that 
SK(G) r4 @J . . . 8 Da 
K,W K,$t, 
with q> 1 and 06, i = 1, . . ., q, division algebras. Then the exponent of 
SK(G) in BTKG(~) is equal to the maximum of the exponents of DI, . . . , Dg, 
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in BrKo(t). This however, contradicts the fact that the exponent of #x(G) 
is equal to the order of G. 
THEOREM 1. Let K be a field with char K =p# 0. For any class 
01 E B(K),, there exists a representative A E 01 and a finite abelian p-group 
G such that: 
a) A g (G, N/K, {c~,~); N b ein a Galois algebra with Galois group G, g 
(cgsr} a symmetric factor set. 
b) A/K is residue algebra of SK(G)/K(~, t) under an algebraic pseudo- 
place (#x(G)‘, y, A/K) which is compatible with Galois action of G 
in SK(G) and A. 
PROOF. Any central simple algebra representing o( is a p-algebra and, 
as such it has a purely inseparable splitting field PI/K, say. 
Let P/K be the modular closure of PI/K and let G be the unique (up 
to isomorphism) p-group associated with the modular algebra P/K. Fix 
a decomposition G = Cr x . . . x Cr, with Ci = (a$) cyclic of order nt, i = 1, . . . , r. 
There exists a k-central simple algebra A E 01 such that [A : K] = [P : K]2, 
hence, applying lemma 2 we may conclude A e (G, N/K, {c~.~)) for some 
Galois algebra N with group G and symmetric factor set {c~,~). Then, 
A =N[{u,la E G}] where {uOjg E G) is a N-basis of A such that u,il= 3pu, 
for all ;Z EN. The pseudo-place (K(X)‘, y, N/K), constructed is propo- 
sition 4, extends to a pseudo-place (8x(G)‘, @, A/K) of SK(G)/K(S, t), which 
is still compatible with Galois action of G in SK(G) and A, as follows: 
$(X,)=y(X,,) for all (T E G, 
and for IS=B<~ . . . o,“z, 
@(Kq . . . V$)=uay . . . uuy. 
This entails Q(h) =u? E K, so @lK(q t) is a place of K(s, t) with residue 
field K. 
COROLLARY. Denote MK(G) for the subring 
K(t)[V&= 1, . . . . r] 
of 8x(G). Since SK(G) is a division algebra, we have that MK(G) is a field 
which is a modular purely inseparable extension of K(t). Obviously, for 
every K-modular algebra A there is a p-group G such that A/K is residue- 
algebra of MK(G) under an unramified K-pseudo-place. 
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